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ALGEBRAIC THEORIES AND COMMUTATIVITY IN A SHEAF
TOPOS
BOAZ HABERMAN
Abstract. For any site of definition C of a Grothendieck topos E, we define
a notion of a C-ary Lawvere theory τ : C → T whose category of models is a
stack over E. Our definitions coincide with Lawvere’s finitary theories when
C = ℵ0 and E = Set. We construct a fibered category Mod
T of models as a
stack over E and prove that it is E-complete and E-cocomplete. We show that
there is a free-forget adjunction F ⊣ U : ModT ⇆ E . If τ is a commutative
theory in a certain sense, then we obtain a “locally monoidal closed” structure
on the category of models, which enhances the free-forget adjunction to an
adjunction of symmetric monoidal E-categories. Our results give a general
recipe for constructing a monoidal E-cosmos in which one can do enriched E-
category theory. As an application, we describe a convenient category of linear
spaces generated by the theory of Lebesgue integration.
1. Introduction
1.1. Lawvere’s ℵ0-ary theories. In this paper, we develop the notion of an al-
gebraic theory internal to a topos of sheaves, and we prove some basic properties.
To motivate the definitions, recall that in Set, a finitary Lawvere theory consists
of an additive identity-on-objects functor
τ : ℵ0 → T ,
where ℵ0 is the category of finite sets and T is a category with finite sums whose
objects coincide with the objects of ℵ0. A model of the theory is a presheaf on T
which preserves finite products. If [A,B]× denotes the category of all functors from
A to B which preserve finite products, then we have
ModT = [T op,Set]× →֒ [T
op,Set].
An algebraic category is one which is equivalent to ModT for some T .
To inform what follows, we recall some well-known facts about algebraic cate-
gories. First, every theory τ : ℵ0 → T determines a free-forget adjunction
F ⊣ U :ModT ⇆ Set .
The right adjoint U is conservative, which means that an object ofModT is essen-
tially a set with some extra algebraic structure. The left adjoint sends a set X to
the free model FX generated by X .
Now, the theory τ can be recovered from the adjunction F ⊣ U using the iso-
morphism
τn ∼= Fn.
This material is based upon work supported by the National Science Foundation under Award
No. DMS-1602279 and Award No. DMS-1246999.
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Lawvere’s functorial semantics of algebraic theories can thus be summarized as
follows: an algebraic theory is identified with the category of finitely-generated free
models, and a model of the theory is a product-preserving presheaf on the category
of free models.
Next, for any algebraic theory τ , the inclusionModT → [T op,Set] admits a left
adjoint. In particular, the algebraic category ModT is complete and cocomplete.
Finally, we consider commutative theories in which the operations commute
which each other. A theory is commutative if and only if the category T admits a
tensor product such that the functor τ : ℵ0 → T is strict monoidal, i.e.
τ1 = I τ(m× n) = τm⊗ τn.
for m,n ∈ ℵ0 (for example, for a commutative ring R, the theory of R-modules
has this property). It is well-known that the category of models of a commutative
theory admits a closed symmetric monoidal structure with coherent isomorphisms
F1 ∼= I F (X × Y ) ∼= FX ⊗ FY
for X,Y ∈ Set. In other words, the free-forget adjunction F ⊣ U is monoidal with
respect to the cartesian product in Set.
The purpose of this paper is to generalize all of these facts about ℵ0-ary theories
with models in Set to the setting of C-ary theories with models in E , where the
category of arities C is a standard site and the category of spaces E is the topos of
sheaves on C.
1.2. C-ary Lawvere theories. The 2-category of ordinary categories embeds into
the 2-category of fibered ℵ0-categories. We can define finite products and sums in
fibered ℵ0-categories in purely fibrational terms.
Let C be any category with finite limits. We can view the objects of such a
category as potential arities for algebraic operations. To define Lawvere semantics
for C-ary theories, we simply translate the definitions above into the language of
fibered ℵ0-categories and systematically replace ℵ0 with C.
Recall that C itself determines a fibered C-category, denoted by C , whose fibers
are the slice categories
C
I := C/I .
A C-ary theory will then be an identity-on-objects C-functor
τ : C → T
that preserves C-ary sums. To define the category of models for such a theory, we
need to replace the embedding j : ℵ0 →֒ Set with a C-additive functor j : C → E .
If C is equipped with a subcanonical Grothendieck topology J , then a natural
candidate for E is the stack of toposes whose fibers are defined by
E
I = Sh(C, J)/yI ,
where y : C → Sh(C, J) is the Yoneda embedding. Note that y extends to a
C-additive functor that plays the role of j in this story.
We can now define the category of Lawvere models for T in E by
ModTLawvere = [T
op, E ]× →֒ [T
op, E ].
In words, a cartesian C-functor in [T op, E ] is a model of the theory T if it preserves
C-ary products.
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1.3. C-ary Linton theories. In the preceding paragraph, we have outlined a com-
pletely fibrational approach to universal algebra in E , which is defined in terms of
sums and products indexed by objects of C. We now outline an alternative set-
theoretic way to define the category of models for a C-ary theory, due to Linton.
Let τ : C → T be an idenity-on-objects functor, and consider the restriction
functor
τ∗ : [T op,Set]→ [Cop,Set].
Given a Grothendieck topology on C, we define the category of Linton models of T
in Sh(C) by
ModTLinton = (τ
∗)−1 Sh(C) →֒ [T op,Set].
In words, a presheaf on T is a Linton model if its restriction along τ is a sheaf on
C.
In this setup, the functor τ need not be additive in any sense, but it is natural
to require that the representable presheaves on T be models of the theory. In this
case we say that τ is C-continuous.
1.4. Intrinsic and extrinsic semantics. To illustrate the two notions of alge-
braic theory described above, we return to the example of ℵ0. Consider the category
ℵ0 of finite sets as a site whose covering families are all finite sum diagrams. An
identity-on-objects functor τ : ℵ0 → T is finitely additive precisely when it is a
Linton theory (the representables on T restrict to sheaves on ℵ0). Similarly, a
presheafM : T op → Set restricts to a sheaf on ℵ0 precisely when it preserves finite
products. In this case Lawvere semantics are equivalent to Linton semantics.
In general, the C-additivity condition and the C-continuity condition are com-
pletely independent. In particular, C-additivity of τ is an intrinsic category-theoretic
notion, while C-continuity (of the ordinary functor τ1 : C 1 → T 1, say) is a set-
theoretic notion which, moreover, depends on the chosen topology for C ∼= C 1. For
the same reason, the category ModT
1
Linton of Linton models in E
1 will generally be
different from the category ModTLawvere(E ) of Lawvere models in E .
We will show, however, that when τ is C-additive and each τI is C I -continuous,
then the two algebraic categories we have defined are equivalent. Thus, we can
freely pass between Lawvere semantics (defined in terms of fibered categories) and
Linton semantics (defined in terms of sheaves).
To state this equivalence precisely we must sharpen the definitions a bit. Let T
be a category with C-ary sums. Lawvere semantics defines a category of models of
T in any category with C-ary products. We have
ModTLawvere(D) := [T
op,D ]×.
That is, a model of the theory T in the fibered C-category D is a fibered C-functor
from T op to D which preserves fibered C-products. Note that this definition does
not require D to be the category of sheaves on C.
Linton’s semantics is defined in terms of sheaves. Suppose that τ : C → T is a
fibered functor, and that each component τI is C I -continuous (with respect to the
induced topology on C I). A model of T I (in Sh(C I) ∼= E I) is a presheaf on T I
whose restriction to C I is a sheaf. That is, we have
(ModT
I
Linton) := ((τ
I)∗)−1 Sh(C I).
We are now in a position to compare the two categories of models and state our
main technical theorem.
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Definition 1.1. Let C be a standard Grothendieck site, and let C be the codomain
fibration. A standard C-ary theory is a C-additive identity-on-objects fibered C-
functor
τ : C → T
such that every representable presheaf on T I restricts along τI to a sheaf on C I .
The main technical theorem states for standard C-ary theories, the two notions
of model are equivalent.
Theorem 1.1. Let τ be a standard C-ary theory. There is an equivalence of fibered
C-categories
ModT
I
Linton
∼=Mod
T
Lawvere(E
I),
where E is the canonical fibering of Sh(C) over C.
This equivalence turns out to be very useful, because in the Linton theory setting
we can exploit set-theoretic tools such as the theory of sketches and locally pre-
sentable categories. In the Lawvere theory setting we can exploit category-theoretic
tools; in particular, we use the fact that E is a stack over C.
1.5. Completeness and cocompleteness. It is not hard to show that the C-
category ModT of models is C-complete and C-cocomplete. In the case C = ℵ0
this statement means that the category of models has finitary limits and colimits.
The category of models for an ℵ0-ary theory also has Set-ary limits and colimits.
Since a C-ary theory has models in the topos E , it is natural to ask whether the
category of models has E-ary limits and colimits.
In order for this question to make sense, we need to extend ModT to a fibered
E-category. That this is possible is our next result:
Theorem 1.2. The C-category ModT is a stack over the site (C, J).
In particular, by the comparison lemma, this implies that there is an essentially
unique extension ofModT to a fibered E-category, such that the resulting extension
is a stack for the canonical topology on E .
By abuse of notation, we denote the extension by ModT . In this extension, we
have an E-ary analogue of completeness and cocompleteness:
Theorem 1.3. The E-category ModT is fiberwise Set-complete and cocomplete,
and has E-ary sums and products.
The existence of E-ary sums is closely related to the existence of free models.
Recall that an ℵ0-ary theory τ : ℵ0 → T is the restriction to ℵ0 of the free model
functor F : Set→ModT . Analogously, a C-ary theory τ : C → T is the restriction
to C of the free model E-functor F : E →ModT . In particular, this functor exists:
Theorem 1.4. The forgetful E-functor U : ModT → E has a fibered E-adjoint
F : E →ModT , whose restriction to C is isomorphic to τ .
To construct E-ary sums and products, we follow an idea of Linton. We consider
the free model functor F : E →ModT to be an E-ary theory
τ : E → T
where T is the full image of F and τ is the corestriction of F to T . There is an
equivalence of categories
Mod
T ∼=Mod
T .
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Applying our general machinery to the large theory τ gives existence of E-ary
products and sums in ModT , and hence in ModT by equivalence. While this
argument is conceptually simple, it contains some technical difficulties, because E
is a large category.
1.6. Tensor products. Our next result concerns the construction of tensor prod-
ucts of models. By a tensor product, we mean a closed symmetric E-monoidal
structure on ModT , such that the free model E-functor is strong E-monoidal.
This means that there are coherent isomorphisms
FP (X ×P Y ) ∼= F
PX ⊗P F
PY FP 1P ∼= IP
for each P ∈ E and X,Y ∈ E P .
Recall that the arity category C is assumed to have finite limits. It follows that if
F is strong E-monoidal, then the image of C under F is closed under tensor prod-
ucts. Thus, if ModT admits tensor products, then the original theory τ : C → T
can be made into a strong C-monoidal functor.
Conversely, there is at most one symmetric C-monoidal structure on the theory
T such that the functor τ is strict monoidal. When such a structure exists, we
say that the theory is commutative. For every commutative theory, the category of
models admits a essentially unique tensor product.
We can now state our main result on commutative theories:
Theorem 1.5. If τ : C → T is a commutative then there is a closed symmet-
ric monoidal E-category structure on ModT , such that the free model functor
F : E →ModT is strong E-monoidal.
It is well-known that there is a monoidal structure on [T op,Set], namely the Day
convolution. Moreover, Day’s reflection theorem gives a condition under which the
convolution on [T op,Set] determines a closed monoidal structure on ModT . The
import of our result is that this condition holds, and that the tensor product is
compatible with the E-category structure and the free-forget adjunction.
In the terminology of [32], the category of models for a commutative theory is an
E-cosmos. In particular, it is a suitable setting for formal enriched category theory.
1.7. Examples. Our notion of universal algebra necessarily depends on the site of
definition C. For example, the topos of sets is generated by the unit site, i.e.
Set ∼= Psh(1).
A 1-ary theory τ : 1 → T is a monoid, and a model of T is a set with a monoid
action. Clearly, not every finitary theory is a 1-ary theory. To arrive at Lawvere’s
original definition, we present Set as
Set ∼= Sh(ℵ0),
where the topology on ℵ0 is generated by finite sum diagrams. In the opposite
direction, we can enlarge the site ℵ0 by allowing sets with larger cardinality to
arrive at a notion of λ-ary theory for some regular cardinal λ.
In this paper, we are not at all interested in transferring the notion of finiteness
to an arbitrary topos. We are mainly concerned with sites C whose objects are
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continua (with uncountably many points). Our motivating example is the theory
of Lebesgue integration; this theory has an R-ary operation∫
dµ : V R → V
for every finite Borel measure µ on R.
1.8. A convenient category of linear spaces. In the conclusion of the paper, we
flesh out the last example above by taking C = Borel where Borel is the category
of Borel maps whose objects are
Ob(Borel) = {0, 1, 2, . . . ,N,R}.
This is a site with respect to the finite sum topology. A sheaf on Borel is a
nonlinear space. If X is a nonlinear space, we interpret the set XI as the collection
of bounded Borel maps from I to X .
Next, we define a commutative Borel-ary theory whose I-ary operations are
finite measures on I. A model of the theory is a linear space. That is, if V is a
linear space, then for each I-ary operation µ : 1→ FI, there is an integration map∫
i∈I
dµ(i) : V I → V 1.
sending f : I → V to
∫
f(i) dµ(i). A morphism of models is a morphism of the
underlying spaces which commutes with the Lebesgue integral, i.e. a bounded linear
map.
The category of linear spaces contains, as a full subcategory, the category of
separable Banach spaces and bounded linear maps. Moreover, it contains the inter-
esting spaces used in applied functional analysis. In particular, it contains spaces
of smooth functions, spaces of Schwartz functions, spaces of test functions, and
corresponding dual spaces.
For each nonlinear space P , there is a category E P of nonlinear bundles over P
and a category V P of linear bundles over P . If V = {Vp}p∈P and W = {Wp}p∈P
are objects of V P , then a bundle map T : V → W is a collection of linear maps
Tp : Vp → Wp, one for each p, and the assignment p 7→ Tp is measurable and
bounded with respect to the parameter p.
If ϕ : P → Q is a bounded measurable map, then there is a pullback functor
ϕ∗ : V Q → V P with left and right adjoints ϕ! and ϕ∗. Intuitively, these are given
by the formulas
(ϕ∗V )p = Vϕ(p)
(ΣϕV )q =
∑
p∈ϕ−1(q)
Vp
(ΠϕV )q =
∏
p∈ϕ−1(q)
Vq .
Here, a section µ : P →
∑
p∈P Vp is (morally) a finite measure on P such that dµ(p)
lies in Vp for each p. A section f : P →
∏
p∈P Vp is a bounded map on P such that
f(p) ∈ Vp for each p.
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For every bundle X = {Xp}p∈P of nonlinear spaces, there is a bundle of free
linear spaces FPX , given by {
FPX
}
p
= FXp,
where FX is the space of finite measures on the nonlinear space X . In particular,
we have a well-defined notion of measure on any nonlinear space X .
Since the theory is commutative, we also have a (projective) tensor products of
linear bundles, with
(V ⊗P W )p = Vp ⊗Wp.
If v : I → V and w : J →W are bounded families of vectors, and µ : 1→ F (I × J)
is a finite measure, then ∫
I×J
v(i)⊗ w(j) dµ(i, j)
is an element of V ⊗W .
The tensor product is closed, which means that it determines an internal hom
of linear bundles. The fibers
[V,W ]p = [Vp,Wp],
are spaces of bounded linear maps.
A commmon pattern in the harmonic analysis and in the study of partial differ-
ential equations is to introduce various parameters into a problem, and to establish
multilinear inequalities which are uniform in these various parameters. For ex-
ample, the entire field of semiclassical analysis can be caricatured as “harmonic
analysis with respect to a small parameter h”. We believe that our framework of
linear bundles over a parameter space provides a good language to formulate and
keep track of estimates which arise in this context.
2. Related work
2.1. Varieties of algebra. Birkhoff [5] defined a variety of algebras to be a col-
lection of finitary operations related by universally quantified equational axioms.
He then characterized those categories whose arrows are homomorphisms of alge-
bras for some variety τ . Lawvere’s thesis [25] showed that the data for a variety
of algebras can be canonically represented as the category of finitely-generated free
models. More importantly, he showed that a homomorphism of algebras is the
same thing as a natural transformation between multiplicative presheaves on this
category. This setup was generalized by Linton in [26] to encompass theories with
infinitary operations. In [27], Linton formulated a theory where the collection of
arities is an arbitrary category instead of a subcategory of Set.
The theory of sketches was developed by Ehresmann [12], Kennison [22] and
Gabriel-Ulmer [14]. In this theory, the finite sums in Lawvere’s semantics are
replaced by an arbitrary colimit cones. A sketch can be interpreted as a multi-
sorted theory which allows, moreover, some partially defined operations.
2.2. Enriched and internal theories. The notion of a finitary algebraic theory
can be generalized to categories other than Set in various different ways. Borceux
and Day [6] define a notion of a finitary theory in a certain type of closed category,
and the arities of this theory are finite multiples of the unit object. This uses a
Set-based notion of finiteness.
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There are also intrinsic notions of finiteness generalizing the Set-based notion.
Johnstone and Wraith [18] define a notion of finitary theory internal to an ele-
mentary topos, where the notion of finiteness is connected to the natural numbers
object. Kelly in [20] defines a notion of a finite limit theory in the enriched setting,
the limits here are finitely presentable in a certain sense. Similarly, Power [30]
defines a notion of a finite product theory, whose models are functors preserving
powers indexed by finitely presentable objects.
A very general notion of enriched sketch is given in Kelly’s monograph [21]. One
can associate an enriched sketch to a category in a canonical way by choosing all
limits with some predetermined indexing type. For example, this could include
finitely-presentable powers, but also κ-presentable powers for some regular cardinal
κ. In Lack and Rosicky´’s paper [24] some examples are given of sound limit doctrines
in enriched categories, where explicit constructions are available. The notion of
Lawvere theory is given relative to such a doctrine. They show that in this setting
many of the associated constructions can be made more explicit. However, the
notion of a sound limit doctrine is rather inflexible, and it is shown in [1] that for
λ > ℵ0, the doctrine of λ-ary products in Set is not sound in this sense. Lucyshyn-
Wright [28] defines a general notion of enriched Lawvere theory which allows the
category of arities to be more or less arbitrary and works in a (not necessarily
cartesian) closed category; the main difference between his setup and ours is that
ours is much less general, but also significantly more explicit.
Our approach eschews the use of enriched category theory in favor of the theory
of fibered ordinary categories, which we have found to be more straightforward to
work with. We also restrict our attention to Grothendieck toposes over Set; this
ensures that the models for our theories are reflective subcategories of ordinary
presheaf categories. The main conceptual difference between our approach and
other approaches to universal algebra is that instead of considering a single theory
τ : C → T , we consider a whole family of theories τI : CI → TI . This ensures
that the notion of model is stable under localization and gives us a well behaved
fibered E-category of models. Of course, this is not a new idea at all, and is closely
modeled after [2, SGA 4.IV]. Most of our constructions are well-known and use
existing techniques. However, it is difficult to track down all of the necessary
results in the literature. As we would like to use the results of this paper in future
work, we have found it necessary to write them down.
2.3. Convenient vector spaces. The main inspiration for this paper was the
work of Fro¨licher and Kriegl [13] on convenient spaces. They defined a convenient
category of topological vector spaces with a closed monoidal structure. These spaces
are associated with a cartesian closed categoryC∞ of smooth spaces and a monoidal
adjunction F ⊣ U : Con⇆ C∞. A smooth space is a set together with a collection
of smooth curves satisfying some axioms. This is close in spirit to the idea of a
sheaf, but the setness and the extra axioms preventC∞ from being locally cartesian
closed. They also exhibited a monoidal adjunction ℓ1 ⊣ U : Con ⇆ ℓ∞, where
ℓ∞ is a locally cartesian closed category of bounded spaces. These spaces are
equipped with a collection of bounded sequences satisfying some axioms. The
space ℓ1R consists of countably supported measures on R with bounded mass.
Naively, one might expect to be able to replace ℓ with L and obtain a notion of
a space with bounded measurable curves. However Con includes the category of
Banach spaces as a full subcategory, and Banach spaces already do not have a good
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notion of Lebesgue integration in general. Moreover, the whole setup is somewhat
baroque and apparently miraculous due to the mixture of algebraic and topological
definitions.
2.4. The Giry-Lawvere monad. Lawvere proposed using measure theory as a
way to encode algebraic structures on topological spaces, and this was worked out
in Giry’s paper [16] in the case of Polish spaces. He defines a monad M on the
category Pol of Polish spaces and continuous maps, sending X to the space MX
of probability measures on X , whose weak topology makes it a Polish space. Thus
one can define a convex Polish space to be an algebra for this monad. However,
this entails the rather severe restriction that the underlying space is Polish. It also
seems more appropriate to consider a category of measurable spaces and measurable
maps.
One might hope to define the Giry-Lawvere monad in the context of measurable
spaces and measurable maps. This is not so convenient, however, because the
category of measurable spaces and measurable maps is not cartesian closed [3]. For
this reason Heunen, Kammar, Staton and Yang [17] defined a notion of a quasi-
Borel space in terms of concrete sheaves. The category of quasi-Borel spaces admits
a monad M sending a quasi-Borel space to a space of probability measures. Their
definition of a convex space is thus very similar in spirit to our definition of a linear
space, but we have found it more convenient to work with arbitrary sheaves instead
of concrete sheaves.
3. Preliminaries
3.1. Size constraints. We follow standard conventions for categories of sets and
categories. An object of Set is a small set. A category is in Cat if the set of
arrows is small. A category is in CAT if it is locally small and the set of arrows is
moderate. A category is in CAT′ if the set of arrows is moderate.
3.2. Presheaves and fibered categories. We write [C,D] for the category of
functors from C to D. We write
Ĉ = PshC = [Cop,Set]
for the category of presheaves on C.
By a C-category, we mean a functor p : F → C. If p is a fibered C-category, we
may identify it with a pseudofunctor F : Cop → CAT. We write F ∈ FIBC if F
is a fibered C-category, and we write F ∈ FibC if each fiber F I is small.
3.3. Restriction and extension. If F is a fibered C-category and ϕ : I → J , we
denote restriction along ϕ by
F
ϕ : FJ → F I .
Dually, if F is an opfibered C-category (i.e., pop : Fop → Cop is a fibered Cop-
category), we denote left extension along ϕ by
Fϕ : FI → FJ .
If F if both fibered and opfibered over C, we say it is a bifibered C-category. In
this case we have an adjunction Fϕ ⊣ F
ϕ.
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Note that, for an object I ∈ C, we have F I = FI by definition. If F is a fibered
C-category, its dual F op is defined (as a pseudofunctor) by (F op)I = (F I)op. If
F op is bifibered, then there are right extension functors Fϕ∗ such that F
ϕ ⊣ Fϕ∗ .
We will use the standard notations
ϕ! = Fϕ, ϕ
∗ = Fϕ, ϕ∗ = Fϕ∗
when the fibered C-category F is clear from the context.
As a special case, we will write
PshF ⊣ Psh
F ⊣ PshF∗ .
ThusPshF is precomposition with F , and the adjointsPshF andPshF∗ correspond
to left and right Kan extension along F .
3.4. C-sums and C-products. Let C is a category with finite limits, and let F
be a bifibered C-category. Given a pullback diagram in C
·
.
X˜
Y˜
X
Y
Then one can define a canonical transformation‹Y!‹X∗ → X∗Y!.
If this transformation is an isomorphism, we say that the Beck-Chevalley condition
holds for the pullback diagram.
We say that F has C-ary sums if it is bifibered and the Beck-Chevalley condition
holds for every pullback in C. Similarly, we say that F has C-ary products if F op
has C-ary sums.
3.5. Change of base. It is straightforward to define restriction 2-functors
F ∗ : FibD → FibC
which make Fib into a fibered Cat-category. The restriction F ∗ has left and right
2-adjoints F! and F∗ (constructed in [15, I.2.4], where the left 2-adjoint F!, for
example, is characterized by equivalences
FibD(F!F ,G ) ∼= Fib
C(F , F ∗G ).
Note that these are not isomorphisms, and Fib does not have left and right exten-
sions in the sense we have earlier described.
4. Lawvere theories
4.1. Additive and multiplicative C-functors. Let C be a fixed category with
finite limits. Fix G and H with C-ary sums. A fibered C-functor F : G → H
is C-additive if, for any ϕ ∈ C, the canonical transformation ϕ!F → Fϕ! is an
isomorphism.
Dually, if F and G have C-ary products, we say F is C-multiplicative if, for every
ϕ ∈ C the canonical transformation Fϕ∗ → ϕ∗F is an isomorphism.
We write [G ,H ], [G ,H ]+ and [G ,H ]× for the fibered C-categories of C-fibered,
C-additive, and C-multiplicative functors, respectively. Thus the fibers of [G ,H ]
are given by
[G ,H ]I := FIBC(I × G ,H ).
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The subcategories [G ,H ]+ and [G ,H ]× are fibered as well, due to the Beck-
Chevalley condition (for example, given ϕ ∈ C, the fibered restriction [ϕ,H ] is
C-additive).
4.2. C-ary operations. Let C be a small category with finite limits, and let A
be any category with C-ary products. A ϕ-ary operation in the category A is an
arrow
f : ϕ∗A→ B.
When C = Set and A I = AI for some ordinary category A, the object A is an I-
indexed family {Ai}i∈I ⊂ A, and the object B is a J-indexed family {Bj}j∈J ⊂ A.
The arrow f consists of, for each j ∈ J , an arrow
fj :
∏
ϕ(i)=j
Ai → Bj .
Thus, for each j, the arrow fj is a ϕ
−1(j)-ary operation in the category A.
4.3. C-ary theories. Following Lawvere, we may view any category T with C-
sums as a multi-sorted algebraic theory. If E is a category with C-products, we
define a Lawvere model of T in E to be an object of
ModTLawvere(E ) = [T
op, E ]×.
An object T ∈ T I represents an abstract I-ary family of sorts. An arrow of type
α : ϕ∗S → T in (T
I)op represents an abstract ϕ-ary operation. The axioms of the
theory are all encoded in the composition map of T .
If M is a Lawvere model of the theory T in some category E , then we may
interpret each abstract I-ary family of sorts T ∈ T I as the concrete I-ary fam-
ily M IT ∈ E I of objects in E . Similarly, we may interpret each abstract ϕ-ary
operation α : ϕ∗S → T in (T
I)op as the concrete ϕ-ary operation
ϕ∗M
JS ∼=M Iϕ∗S
MIα
−−−−−→M IT
in the category E . Note that the interpretation of α as a ϕ-ary operation is only
possible because the functor M is assumed to be C-multiplicative.
The functoriality of M encodes the satisfaction relation. That is, the concrete
ϕ-ary operations determined by M must satisfy the axioms of the theory T .
4.4. Single-sorted theories. Given a fixed category C with finite limits, we define
the fibered C-category C to be the codomain fibration cod : C↓ → C, so that the
fiber C I is the slice category of arrows over I, i.e.
C
I ∼= C/I .
The C-category C is the free C-sum completion of the unit C-category. This means
that if D has C-products, then there is an equivalence of C-categories
Mod
C
Lawvere(D) = [C
op,D ]× ∼= [1,D ] ∼= D .
Thus a model of C in D is essentially the same as an object of D . In this sense, the
C-category C is the C-ary theory of objects. A single-sorted theory has the same
sorts as C , but may have additional operations as well.
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Definition 4.1. Let C be a small category with finite limits. A C-ary Lawvere
theory is a C-additive identity-on-objects functor
τ : C → T ,
where T is a small category with C-sums.
If τ is a C-ary Lawvere theory, then precomposition with τ is a forgetful fibered
C-functor
U τLawvere(D) :Mod
T
Lawvere(D)→Mod
C
Lawvere(D)
∼= D .
Thus a model of T in D is an object of D with some extra structure and properties.
5. Linton theories
5.1. Standard sites. We recall that a standard site is a small finite limit category
C equipped with a subcanonical topology. This notion is stable under localization:
for each object I ∈ C, the slice category C/I has finite limits and an induced
subcanonical topology. The topology on C/I so that there is an equivalence of
fibered C-categories
Sh(C/I) ∼= Sh(C)/yI
betweeen sheaves on the site C/I and sheaves on C with maps to yI. Here
y : C → Sh(C)
is the Yoneda embedding.
5.2. Linton models. In Linton’s semantics, an algebraic C-ary theory is an identity-
on-objects functor τ : C → T . We refer to such a functor as a Linton theory. Given
a replete subcategory E ⊂ PshC , a Linton model of C in E is presheaf M ∈ PshT
such that the restriction τ∗M lies in E . Note that the category of Linton models is
defined in an essentially set-theoretic way.
In this paper we specialize to the case where E is the sheaf topos Sh(C). Thus
a Linton model of τ is a presheaf on T whose restriction to C is a sheaf. We say
that τ is subcanonical if, for every T ∈ T , the representable presheaf yT is a Linton
model.
Definition 5.1. Let C be a standard site, and let τ : C → T be a C-ary Lawvere
theory. We say that τ is standard if, for every I ∈ C and T ∈ T I , the Linton theory
τI : C I → T I
is subcanonical (with respect to the induced topology on C I).
Let τ : C → T be a standard C-ary Lawvere theory. By the definition, the
C-category T is a bifibration, and we may define a C-fibered category PshT by
the formula
(PshT )I = PshTI .
That is, the restriction along ϕ is defined to be precomposition with the left exten-
sion Tϕ.
We may now define the full subfibration
ModTLinton ⊂ Psh
T .
First, we describe the fibers: a presheaf on T I is in (ModTLinton)
I if it is a Linton
model of τI ; i.e. if its precomposition with τI is a sheaf on C I . Next, we claim that
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ModTLinton is closed under restriction. That is, if Mτ
J is a sheaf, then MTϕτ
I is
a sheaf as well. In fact, by C-additivity of τ , we have
MTϕτ
I ∼=MτJCϕ,
and precomposition with Cϕ preserves sheaves.
Note that, by definition, a Linton model of the degenerate theory id : C → C is
the same thing as a sheaf. That is, we have an equivalence of fibered C-categories
ModCILinton
∼= Sh(C/I) ∼= E
I ,
where E is the canonical fibering of Sh(C) over C. Thus C can be viewed as the
theory of objects (in E ). In particular, we have a forgetful fibered C-functor
U τLinton :Mod
T
Linton → E .
We claim that, for a standard C-ary theory, the functors U τLinton and U
τ
Lawvere(E )
are essentially the same. In order to compare them, we define a cartesian C-functor
α :ModTLawvere(E )→Mod
T
Linton
and show that it is a C-fibered equivalence.
Theorem 5.1. For J ∈ C, let ∆J : J → J × J be the diagonal map. If τ is a
standard C-ary theory, then the functors
αJ :Mod
T
Lawvere(E
J)→ (ModTLinton)
J
defined by
αJ(M) = E
J×J (∆J ,M
J−)
are the components of a cartesian C-functor α fitting into a diagram
ModTLawvere(E ) (Mod
T
Linton)
E E
∼=
α
Moreover, the cartesian functor α is an equivalence in FIBC.
Proof. For M : T op → E J cartesian and C-multiplicative, the components of M
are functors
M I : T opI → E
I×J .
By definition, we have
UJLawvereM =M
1τ11 ∈ E J .
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Writing E ∈ C/J as E ∼= CEC
E1J , we compute
(UJLintonαJM)E = E
J×J(∆J ,M
JτJE)
∼= E J×J(∆J ,M
JτJCEC
E1J)
∼= E J(1J , E
∆JEE×J∗E
E×JMJτJ1J)
∼= E J(1J , EE∗E
(idJ ,E)E
E×JMJτJ1J)
∼= E J(1J , EE∗E
E
E
∆JMJτJ1J)
∼= E J(E, E∆JMJτJ1J)
∼= E J(E, E∆JE piJM1τ11)
∼= E J(E,M1τ11)
= UJLawvereME.
In particular, we see that αJM is, in fact, a Linton model (because U
J
LawvereM ∈ E
J ).
Now we need to show that αJ is pseudonatural in J . For ϕ : K → J we claim
there is a canonical isomorphism
[T op, E J ]× Psh
TJ
[T op, EK ]× Psh
TK .
∼=
αJ
E
ϕ◦ Psh
Tϕ
αK
Indeed, for M : T op → E J and T ∈ TK we have
(ModTϕ αJM)(T ) = (αJM)(TϕT )
= E J×J(∆J ,M
J
TϕT )
∼= E J×J(∆J , Eϕ×J∗M
KT )
∼= EK×J(C ϕ×J∆J ,M
KT )
On the other hand, we have
(αKE
ϕM)(T ) = EK×K(∆K , (E
ϕM)KT )
= EK×K(∆K , E
ϕ×KMKT )
∼= E J×K(Cϕ×K∆K ,M
KT ).
But we have a canonical isomorphism C ϕ×J∆J ∼= Cϕ×K∆K , in light of the com-
mutative diagram
K K J
K ×K J ×K J × J,
trac∆K cart
ϕ
∆J
ϕ×K J×ϕ
which combined with the preceding computations induces a canonical isomorphism
PshTϕ αJ ∼= αKE
ϕ, as claimed.
Now we construct a quasi-inverse βJ to αJ . Suppose we have a modelM : T
op
J → Set.
We want to find a C-multiplicativeM : T op → E J such that αJM ∼=M . For every
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E : X → I × J in C/I×J , we have a commutative diagram
X I × J I × J
X × J I × J × J I × J
cart
E
I×∆J trac
E×J piI×J
and a commutative diagram
I × J J
I × J × J J × J
cartI×∆J ∆J
piJ×J
If M is C-multiplicative and αJM = M then we find that for E ∈ C/I×J and
T ∈ TI there is a natural isomorphism
E
I×J(E,M I(T )) ∼= E I×J(C(piI◦E)×JC
E×J
C
piJ×J∆J ,M
I(T ))
∼= E J×J(∆J ,M
J(TpiJTET
piI◦ET ))
∼=M(TpiJTET
piI◦E(T )).(1)
Thus for a model M : T opJ → Set we define a C-functor M : T
op → E J with
components M I : T opI → E
I×J ∼= ShC/I×J given by
M I(T )(E) =M(TpiJ◦ET
piI◦E(T )).
To see that M I(T ) is in fact a sheaf on C/I×J , we recall that every T in TI is of the
form T = τIF for some F ∈ C/I . But now consider the pasting of pullback squares
. . .
. I × J I.
cart
C
piI◦EF
C
F×JE
cartF×J F
E piI
We have a canonical isomorphism
TpiJTET
piI◦E(τIF ) ∼= τJCpiJCEC
piI◦E(F )
∼= τJCpiJCF×JC
F×JE,
and thus
M I(τIF )(E) ∼=M(τJCpiJCF×JC
F×JE).
Since M(τJ−) is a sheaf on C/J by assumption, and all of the restrictions and left
extensions of C are continuous morphisms of sites, it follows that the M we have
defined is a sheaf on CI×J .
Now we need to show that the M I we have defined are components of a C-
multiplicative C-functor M : T op → E I . Recall that for ϕ : I → K, the restriction
and right extension along ϕ are defined for P ∈ E I×J , Q ∈ EK×J by
(E ϕ×JP )(−) = P (Cϕ×J−)
(Eϕ×J∗Q)(−) = Q(C
ϕ×J−).
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Then we have
(E ϕ×JMK(T ))(E) =M(TpiJ◦ϕ×J◦ET
piK◦ϕ×J◦ET )
=M(TpiJ◦ET
ϕ◦piI◦ET ),
while
M I(T ϕT )(E) =M(TpiJ◦ET
piI◦ET
ϕT )
and thus the isomorphism T ϕ◦piI◦E ∼= T piI◦ET ϕ induces an isomorphism
M IT ϕ ∼= E ϕ×JMK .
Similarly, let E ∈ EK×J be given. The pullback diagram
. .
I × J K × J
I K
(ϕ×J)∗E
E∗(ϕ×J)
E
piI
ϕ×J
piK
ϕ
determines a Beck-Chevalley isomorphism
T
piK◦ET
ϕ ∼= TE∗(ϕ×J)T
piI◦(ϕ×J)
∗E ,
and thus we have
MK(TϕT )(E) =M(TpiJ◦ET
piK◦ETϕT )
∼=M(TpiJ◦ETE∗(ϕ×J)T
piI◦(ϕ×J)
∗ET )
∼=M(TpiJ◦(ϕ×J)◦(ϕ×J)∗ET
piI◦(ϕ×J)
∗E),
∼=M(TpiJ◦(ϕ×J)∗ET
piI◦(ϕ×J)
∗ET )
= (Eϕ×J∗M)
I(T ).
Thus M is both C-cartesian and C-multiplicative.
Let
βJ :Mod
T ,J
Linton →Mod
T
Lawvere(E
J)
be the functor sending M to M . We claim that βJ is a quasi-inverse for αJ .
Indeed the isomorphism βJαJ ∼= id is the observation in (1), while the isomorphism
αJβJ ∼= id is given by the formula
αJβJ(M) ∼=M(TpiJ◦∆JT
piJ◦∆JT )
∼=M(T ).
Since each component of αJ is an equivalence, we conclude that α is an equivalence
as well.  
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6. Construction of E-products
6.1. Extension of ModT to E. If A is a fibered C-category with C-products,
we can extend the C-category [A , E ]× of C-multiplicative functors into a fibered
E-category corresponding to the pseudofunctor
[A , E ]P× := [A , E
P ]×
Since E is a topos, every map ϕ : P → Q gives rise to a string of fibered ad-
junctions Eϕ ⊣ E
ϕ ⊣ Eϕ∗. In particular, the functors E
ϕ and Eϕ∗ preserve E-
products, so that the fibered adjunctions E ϕ ⊣ Eϕ∗ induce corresponding adjunc-
tions [A , E ϕ]× ⊣ [A , Eϕ∗ ]× in CAT. This implies that the E-category [A , E ]× is
well-defined and inherits the property of having fibered E-products from E .
More generally, if B is any fibered C-category, we have a natural equivalence
[B, [A , E ]×] ∼= [A , [B, E ]]×.
In particular, if R is a covering sieve for P ∈ E , we have
[R, [A , E ]×] ∼= [A , [R, E ]]×
∼= [A , [P, E ]]×
∼= [P, [A , E ]×],
because E is a stack for the canonical topology of E . Thus the fibered E-category
[A , E ]× is also a stack over E .
We can summarize the above discussion as follows:
Theorem 6.1. Let A be a category with C-products. The C-category [A , E ]× is a
stack over C, and the extension to a stack over E has E-products.
If τ : C → T is a standard C-ary theory, we can reframe this as a statement
above ModT .
Corollary 6.2. The E-category y∗Mod
T is a stack over E and has E-products.
7. Colimit constructions
7.1. Modelification. We use the set-theoretic notion of a Linton model to con-
struct various colimits in categories of models. All of these constructions rely on
the following fundamental fact.
Proposition 7.1. Let C and T be small categories, and let τ : C → T be a Linton
theory. The inclusion
ModT → PshT
admits a left adjoint.
Proof. There is a limit sketch on C whose models are sheaves. That is, there is a
collection Φ of cocones in C, such that P ∈ PshC is a sheaf if and only if for each
Γ ∈ Φ the cone PΓ is a limit cone in Set.
It follows immediately that ModT is the category of models for a limit sketch
on T . In fact, a presheaf M ∈ PshT is a model of T if, for every Γ ∈ τΦ, the cone
MΓ is a limit cone.
The claim then follows from a well-known theorem about limit sketches.  
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7.2. Adjoints to restriction functors. Let T and T ′ be limit sketches (e.g.
Linton theories). We say that G : T → T ′ is sketchy if the restriction functor
PshG : PshT
′
→ PshT preserves models.
Thus if G is sketchy we have a commutative diagram
ModT
′
ModT
PshT
′
PshT
Mod
G
Psh
G
Since PshG always has a left adjoint PshG (left Kan extension), and the inclusion
of models into presheaves is reflective, we may apply the adjoint lifting theorem to
show that the restriction functor ModG admits a left adjoint ModG.
7.3. The free model functor. We will need the following lemma to construct the
free model functor as a C-fibered left adjoint to the forgetful C-functor.
Proposition 7.2. Let S and T be standard C-ary theories. If H : S → T is
C-additive, and each component HI is sketchy, then the restriction C-functor
ModH :ModT →ModS
has a C-fibered left adjoint.
Proof. For each I in C, we have an adjunction
ModHI ⊣Mod
HI :ModTI ⇆ModSI .
Since H is opcartesian, we have for every ϕ : I → J in C, two canonical isomor-
phisms
SI TI
SJ TJ
Sϕ
HI
Tϕ
αϕ
HJ
and
Mod
TI Mod
SI
ModTJ ModSJ ,
Mod
Tϕ
Mod
HI
Mod
Sϕ
Mod
αϕ
Mod
HJ
In order for ModH to have a fibered left adjoint, we must show that mate of
Modαϕ under the adjunctions ModHI ⊣ Mod
HI and ModHJ ⊣ Mod
HJ is an
isomorphism.
In fact, the comate of αϕ under the adjunctions Sϕ ⊣ S
ϕ and Tϕ ⊣ T
ϕ is
a isomorphism, because H is cartesian. It follows immediately that the comate
of Modαϕ under the adjunctions ModSϕ ⊣ ModS
ϕ
and ModTϕ ⊣ ModT
ϕ
is
an isomorphism. By a general property of mates, this implies that the mate of
Modαϕ under ModHI ⊣ Mod
HI and ModHJ ⊣ Mod
HJ is an isomorphism as
well.  
Corollary 7.3. Let τ : C → T be a standard C-ary theory. The forgetful functor
U :ModT → E has a C-fibered left adjoint.
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7.4. Enlarging the sketch. In order to show cocompleteness for the E-category
y∗Mod
T , we will use the comparison lemma [2, SGA 4.III.4] for categories of
sheaves to avoid size issues due to the use of large sketches. We note that the ideas
in this section are almost entirely due to Linton [27] and Giraud [15, II].
Lemma 7.4. Let τ : C → T be a Linton theory. Suppose we have a diagram
C E
T T ModT ,
∼=
yC
τ τ
F
Z ι
where F is the left adjoint to the forgetful functor, the functor τ is identity on
objects, and the functors Z and ι are fully faithful. Then ModZ is an equivalence
of categories.
Proof. Let Z∗ =ModZ . Then Z∗ has a right adjoint R, defined by
(RM)(T ) =ModT (ιT ,M),
which is essentially the right Kan extension along Z. For this to make sense, we
must verify that RM is a model whenever M is. Indeed, we have
(RM)(τX) ∼=ModT (FX,M) ∼= E(X,UM),
which is a sheaf.
The counit Z∗R → id is an isomorphism, because Z is full and faithful. To
see that the unit is an isomorphism, we observe that τ∗ : ModT → ModE is
conservative because τ is identity on objects, and y∗ : ModE → ModC is an
equivalence by the comparison lemma for categories of sheaves. Thus the unit
η : id→ RZ∗ is an isomorphism if and only if this is true for the pasting diagram
. . . .
. . .
R
τ∗
∼=Z∗
id
Z∗
τ∗
y∗η
But the left-hand square in the diagram can be inverted by pasting with the counit
of the adjunction. It follows that the indicated two-cell is invertible, and therefore
the same is true of the counit ǫ, because y∗τ∗ is conservative.  
Let τ : C → T be a standard C-ary theory, and let F : E →ModT be the left
adjoint to the forgetful functor. If we define C = E , we may factor F as
C
τ
−−→ T
ι
−−→ModT ,
where τ is identity on objects and ι is fully faithful. An arrow of T is cartesian
or opcartesian iff this is true of the image under ι. In particular, the C-category
T is bifibered, and the functor τ : E → T is bicartesian, because F a fibered left
adjoint and therefore bicartesian.
As ModT is a stack over C, the adjunction F ⊣ U in STACKC induces an
adjunction y∗F ⊣ y∗U in STACK
E . We can interpret this as an adjunction
F ⊣ U : y∗Mod
T
⇆ C .
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Here C = Arr(E) is the fibered E-category of arrows in E , which is equivalent to
y∗E . By factoring F as
C
τ
−−→ T
ι
−−→ y∗Mod
T ,
we obtain a Lawvere E-theory. The topology on each site EP is the canonical one,
and since each functor (y∗F )
P : (y∗E )
P → (y∗Mod
T )P is an ordinary left adjoint
we find that all of the colimit cylinders in EP are preserved by τP . Although we
have not shown that y∗Mod
T has fibered sums, the functor F does preserve the
opcartesian arrows in C , because it is a fibered left adjoint. It follows in particular
that T is a bifibered E-category.
Proposition 7.5. There is an equivalence of fibered E-categories
ModT ∼= y∗Mod
T .
Proof. In fact, we have an equivalence ModT ∼= [T op, y∗E ]×, which shows that
ModT is a stack over E . By the comparison lemma for stacks, it then suffices to
show that y∗ModT ∼=Mod
T as fibered C-categories. Now, one can check that
y∗ModT ∼=Mody
∗
T ∼=ModT ,
and we have Z : T → T fitting into a diagram of fibered C-categories and functors
C E
T T ModT .
∼=
yC
τ τ
F
Z ι
We claim that ModZ : ModT → ModT is an equivalence. Equivalently, all of
the components ModZI : ModT I → ModTI are equivalences. But this follows
from Lemma 7.4, by applying the 2-functor evI : FIB
C → CAT.  
Proposition 7.6. The fibered E-category ModT is bifibered, and its fibers are
locally presentable.
Proof. Let F be the opfibered E-category defined by
FP = C/P .
Note that this is certainly not a fibered E-category. We define an opfibered E-
category T ′ and opcartesian E-functors τ : F → T ′ and Z : T ′ → T so as to
obtain a diagram of opcartesian E-functors
F y∗E
T ′ T ModT
∼=
y
τ τ
F
Z ι
as above. By means of this diagram, we deduce that ModZ : ModT → ModT
′
is an equivalence. But T ′ has small fibers. Thus the category of models ModT
′
I
is locally presentable, and each restriction functor ModT
′
ϕ has a left adjoint by
Proposition 7.2.  
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Corollary 7.7. The E-category y∗Mod
T has E-sums and E-products, and its fibers
are locally presentable.
Proof. Indeed, we have an equivalence y∗Mod
T ∼= ModT . But ModT has E-
products, since it is the category of models for a Lawvere E-theory. It is also
bifibered, as we have just shown, which means that it has E-sums. Moreover,
its fibers are locally presentable. All of these properties can be transported to
y∗Mod
T .  
8. Monoidal structures
In this section, we show that for a commutative theory, the category of models
admits a well-behaved tensor product. The ideas in this section are essentially due
to Day [7–9] and Day and Street [10] (see also [4]).
8.1. Change of variables. An adjunction ϕ! ⊣ ϕ
∗ : J1 ⇆ J2 between two cate-
gories induces an adjunction [ϕ∗,D] ⊣ [ϕ!,D] : [J1,D] ⇆ [J2,D] between functor
categories, which we may express as a natural isomorphism
[J1,D]([ϕ
∗,D]F,G) ∼= [J2,D](F, [ϕ!,D]G)
or more suggestively by the change of variables formula∫
J1∈J1
DFϕ
∗J1
GJ1
∼=
∫
J2∈J2
DFJ2Gϕ!J2 ,
which can also be seen as a special case of the mate correspondence. By separation
of variables, we deduce a more general change of variables formula for ends, namely
that for H : J op2 × J1 → D we have∫
J1∈J1
Hϕ
∗J1
J1
∼=
∫
J2∈J2
HJ2ϕ!J2 .
Similarly, for H : J op1 × J2 → D, we have an isomorphism of coends∫ J2∈J2
Hϕ!J2J2
∼=
∫ J1∈J1
HJ1ϕ∗J1 .
8.2. Monoidal adjunctions. In what follows, we will assume that all monoidal
categories and functors are symmetric monoidal.
We recall Day’s reflection theorem [8]. For a closed monoidal category V and
a reflective subcategory r ⊣ ι : W ⇆ V , the adjunction can be improved to a
monoidal adjunction if and only if W is an exponential ideal in V . Assuming that
W is replete, this means that [V,W ] ∈ W whenever W ∈ W and V ∈ V . Under
these assumptions, the subcategory W is closed monoidal as well, and ι is a closed
functor.
8.3. Day convolution. We apply the reflection theorem with V = (PshC ,⊗, y(e)),
where (C,⊗, e) is a small monoidal category and the Day convolution product [7] of
presheaves P,Q ∈ PshC is the presheaf P ⊗Q defined by the coend
(P ⊗Q)C =
∫ C1,C2∈C
PC1 ×QC2 × CCC1⊗C2 .
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The internal hom is the presheaf [P,Q] defined by the end
[P,Q]C =
∫
C1∈C
[P C1 , QC1⊗C2 ].
The Yoneda embedding y : C → PshC is strong monoidal with respect to the given
monoidal structure on C and the Day convolution on PshC . Note that when C is
cartesian monoidal, the same holds for PshC , so this reduces to the fact that the
Yoneda embedding preserves finite (indeed any) products.
8.4. Monoidal sketches. Let (S,Φ) be a small sketch. We say that a monoidal
structure (⊗, e) on S is compatible if the tensor product functors T ⊗ − : S → S
are all sketchy. In this case we say that (S,Φ,⊗) is a monoidal sketch.
The category ModS is an exponential ideal in PshS . Indeed, the category of
models is closed under limits. For each S1, the presheaf S 7→ N
S1⊗S is a model,
because S1 ⊗− is sketchy and N is a model. Now the Day internal hom [M,N ] is
the limit, weighted by M , of the diagram S1 7→ N
S1⊗−, which is valued in ModS .
Thus [M,N ] is a model as well.
By Day’s reflection theorem, the reflective inclusion r ⊣ i : ModS →֒ PshS
enriches in an essentially unique way to a monoidal adjunction, and the monoidal
category ModS thus obtained is closed.
8.5. Functoriality of Day convolution. If G : S1 → S2 is any oplax monoidal
functor, then PshG : PshS2 → PshS1 is lax monoidal with respect to the Day
convolution structure. The adjunctions ri ⊣ ιi : Mod
Si ⊣ PshSi both live in the
2-category MonCATlax. Thus, if G is also sketchy, we obtain a lax monoidal
structure on ModG = r1Psh
G ι2 as well. Similarly, a monoidal transformation
from G to G′ induces a corresponding monoidal transformation from ModG
′
to
ModG. If we define MonSketch to be the 2-category of small monoidal sketches,
sketchy oplax monoidal functors, and monoidal transformations, then Mod can be
defined as a 2-functor
Mod :MonSketchcoop →MonCATlax,
which takes values in the 2-category monoidal categories, lax monoidal functors,
and monoidal transformations. Note that even if G is a strong monoidal functor,
the functor PshG described above is usually only lax.
8.6. Monoidal C-categories. The category FIBC has finite products, and we may
define a monoidal (fibered) C-category to be a pseuomonoid F in the monoidal
2-category (FIBC ,×, 1). This determines 2-categories MonFIBClax/oplax/strong of
monoidal C-categories, lax/oplax/strong monoidal cartesian functors, and monoidal
cartesian transformations.
8.7. The external product. Shulman [31] has shown that the definition of monoidal
C-category we have given is equivalent to a somewhat different one. He defines a
monoidal fibration to be a fibred C-category p :
∫
F → C, such that p is strict
monoidal and each functor T ⊗ − preserves cartesian arrows. The model case is
when F = C , so that
∫
C is the C category of arrows cod : Arr(C)→ C. For arrows
fi : Xi → Ii, we have an external product f1 × f2 : X1 × X2 → I1 × I2, and the
projection satisfies cod(f1 × f2) = cod f1 × cod f2.
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Given an external product ⊠ :
∫
F ×
∫
F →
∫
F making F into a monoidal
fibration, the internal product ⊗I on the fiber F
I is obtained by taking
A⊗I B = F
∆I (A⊠B),
where ∆ : I → I × I is the diagonal. If C is cartesian, then this sets up an
equivalence between monoidal fibrations and monoidal C-categories. A monoidal
functor F : F → G is then an ordinary monoidal functor, such that the identity
pGF = pF is a monoidal transformation.
8.8. Distributive C-categories. If V is a closed monoidal category, then the func-
tors V ⊗ − : V → V are left adjoints, and must preserve colimits. Suppose C is a
monoidal category which is not necessarily closed, and y : C → E is an embedding
which preserves colimits in some set Φ. We want to extend the monoidal structure
on C to a closed monoidal structure on E . It is clear that this will not be possible
unless the functors C ⊗ − : C → C preserve colimits in Φ as well. This condi-
tion is precisely the compatibility condition on a monoidal sketch. For a fibered
C-category, we also have colimits which are indexed by arrows in C, and for an
bifibered sketch we need a compatibility condition with respect to these colimits as
well.
Let T be a monoidal C-category which is bifibered, and let Tϕ be a left extension
functor for ϕ : I → J . Given A,B ∈ T I , the tensor product of the opcartesian
arrows A→ TϕA and B → TϕB over ϕ is an arrow A⊗I B → TϕA⊗J TϕB over
ϕ. By the universal property of left extensions, we may define a canonical map
Tϕ(A⊗I B)→ TϕA⊗J TϕB
and similarly a canonical map TϕeI → eJ . These give every left extension a
canonical oplax monoidal structure. Given a restriction T ϕ, which has a canonical
strong monoidal structure, we can define a canonical comparison map
Tϕ(T
ϕT ′ ⊗I T )→ TϕT
ϕT ′ ⊗J TϕT → T
′ ⊗J T
ϕT,
and we say that the projection formula holds if this comparison map is an isomor-
phism.
Definition 8.1. Let T be a monoidal bifibered C-category. We say that T is
distributive if the projection formula
Tϕ(T
ϕT ′ ⊗I T ) ∼= T
′ ⊗J TϕT
holds for all T ′ ∈ T J , T ∈ T I and ϕ : I → J .
8.9. Structured sketches. In this section we fix some terminology regarding
sketches with extra structure. A C-(op/bi)fibered sketch is C-(op/bi)fibered cat-
egory whose fibers are sketches, such that the restrictions (left extensions/both)
are all sketchy. A monoidal C-sketch is a fibered C-sketch whose fibers are monoidal
sketches. A distributive C-sketch is a monoidal bifibered C-sketch which is distribu-
tive.
8.10. Tensor product of models. Suppose T is a distributive C-sketch. For each
fiber we have a monoidal structure (⊗I , eI) given by the Day convolution. The func-
tors (⊗I , eI) are components of cartesian functors ⊗ :Mod
T ×ModT →ModT
and e : 1→ModT .
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To see this, suppose we are given ϕ : I → J and left extension and restriction
functors Tϕ and T
ϕ. In the adjunction Tϕ ⊣ T
ϕ, the unit and counit are monoidal
transformations, where we consider Tϕ and T
ϕ with their canonical oplax monoidal
structures. It follows that in the induced adjunction ModTϕ ⊣ModT
ϕ
, the func-
tors are lax monoidal and the unit and counit are monoidal transformations. By
Kelly’s doctrinal adjunction theorem [19], we can conclude that the left adjoint
Mod
Tϕ is strong monoidal. Thus we have provided a canonical strong monoidal
structure for every restriction. Moreover, the pseudofunctoriality constraints of
ModT are induced by the pseudofunctoriality constraints of an opcleavage for T
and thus inherit the monoidal coherence.
In fact, each restriction ϕ∗ =ModT ,ϕ is actually a closed functor. For ϕ : I → J
and M,N ∈ModT ,I , we have
(ϕ∗[M,N ]I)
T = [M,N ]ϕ!TI
=
∫
T ′∈T I
[MT
′
, NT
′⊗Jϕ!T ]
∼=
∫
T ′∈T I
[MT
′
, Nϕ!(ϕ
∗T ′⊗T )]
by the projection formula. But then by change of variables this is canonically
isomorphic to ∫
T ′∈T J
[Mϕ!T
′
, Nϕ!(T
′⊗IT )] = [ϕ∗M,ϕ∗N ]TJ .
8.11. Commutative theories. Recall that if C has finite limits, then C = Arr(C)
is a cartesian distributive C-category. We say that a (standard C-ary) theory
τ : C → T is commutative if τ enriches to a strict monoidal C-functor, where
the monoidal structure on C is cartesian. The monoidal C-category T inherits
distributivity from C.
Lemma 8.1. Let τ : C → T be a commutative theory. Then T is a distributive
C-category. For f : I → J in C J and T ∈ T J , we have a natural isomorphism
τJf ⊗J T ∼= TfT
fT.
In particular, each functor T ⊗J − : T
J → T J is sketchy, and T is a distributive
C-sketch.
Proof. We need to check that the projection formula holds. Each component of τ
is identity on objects, and we need to show that for each ϕ : I → J in C, E′ ∈ C/J
and E ∈ C/I , the canonical map
Tϕ(T
ϕτJE′ ⊗I τ
IE)→ τJE′ ⊗J Tϕτ
IE
is an isomorphism. But since τ is strict monoidal and bicartesian, this essentially
reduces to the projection formula for C , which is standard.
A consequence of the projection formula is that
τJf ⊗J T ∼= τ
J (Tf idI)⊗J T
∼= Tf (τ
I idI)⊗J T
∼= Tf (τ
I idI ⊗IT
fT )
∼= TfT
fT,
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again since τ is bicartesian and strict monoidal.
In particular, the functors T ⊗J − are sketchy because Tf and T
f are sketchy,
and every T is of the form τJf for some f .  
From this lemma we see that the monoidal structure of T , if it exists, is deter-
mined by τ . Thus the commutativity assumption essentially means that operations
commute.
8.12. Free models. Let τ : C → T be a commutative Lawvere theory. The free
model functor Modτ is obtained by the composition
ShCI
ι
−−→ PshCI
PshτI−−−−−−→ PshTI
r
−−→ModTI .
The Day convolution on PshCI is easily seen to be the cartesian product. Since the
cartesian product is preserved by sheafification, the resulting monoidal structure on
ShCI is also the cartesian product. Since the inclusion of sheaves into presheaves
is a right adjoint, it preserves the cartesian product, and thus the first functor in
this sequence is strong monoidal.
Since τI is strong monoidal, the left Kan extension PshτI is strong monoidal with
respect to the Day convolution [10]. Finally, the reflection r sending presheaves into
models is strong monoidal, because that is how we defined the monoidal structure
on models. Thus the free model functor ModτI is strong monoidal.
The reader can verify that each functor in this sequence is the component of a
strong monoidal C-functor.
8.13. Extension to E. Let τ : C → T be a commutative Lawvere theory. We
have shown that T is a sketchy distributive fibration, and therefore gives rise to a
monoidal C-cosmos ModT . We know that y∗Mod
T is the category of models for
a large theory τ : E → T , and τ can be made strict monoidal using the fact that
the free model functor is strong monoidal. Formally, it follows that ModT admits
an essentially unique closed monoidal structure extending that of ModT .
To avoid size issues and excessive abstraction, we can simply describe this struc-
ture explicitly. The objects of y∗Mod
T ,P are cartesian functors (pseudonatural
transformations) from P toModT . GivenM,N ∈ y∗Mod
T ,P , the tensor product
is defined pointwise for f ∈ P I by
(M ⊗P N)(f) =M(f)⊗I N(f),
and the internal hom by
[M,N ]P (f) = [M(f), N(f)]I .
These expressions are pseudonatural in f because M and N are pseudonatural in
f and the restrictions in ModT are strong monoidal and closed. The unit and
counit for the adjunction M ⊗P − ⊣ [M,−] have as components the unit
insM(f) : N(f)→ [M(f),M(f)⊗I N(f)]I
and counit
evM(f) :M(f)⊗I [M(f), N(f)]I → N(f)
of the adjunction M(f)⊗I − ⊣ [M(f),−]I .
We recall the notion of an E-cosmos.
Definition 8.2 ( [32]). An E-cosmos is a monoidal E-category V such that
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(1) The E-category V has E-sums and E-products.
(2) The fibers of V have small limits and colimits.
(3) The fibers of V are closed.
(4) The restriction functors closed.
Theorem 8.2. Let τ : C → T be a commutative Lawvere theory. Then the
extension to E of the category of models is an E-cosmos.
Proof. The completeness and cocompleteness properties are true for any Lawvere
theory. We have defined a closed monoidal structure on the fibers of y∗Mod
T ,
and it is straightforward to check that this gives V the structure of a monoidal
E-cosmos.  
9. Examples
9.1. Finitary algebraic theories. Let C = ℵ0 be a skeletal category of finite sets
and functions. We can define a topology on C whose cylinders correspond to all
finite sums m = m1 + · · · + mk. We then have E = Set. Every ordinary small
category T corresponds to a small fibered C-category T , where T n = [n, T ]. A
cartesian functor τ : C → E is bicartesian precisely when τ1 : C → T preserves
finite sums. Thus we recover the usual notion of a Lawvere theory.
If D is an ordinary category with finite products, then a multiplicative functor
M : T op → D is the same as an functor M : T op → D preserving finite products
in the ordinary sense. In particular, if I is any set, then the category ModT ,I is
equivalent to the category of models of the ordinary Lawvere theory T in SetI .
9.2. Spaces with Lebesgue integration. Our original motivation was to define
a category of linear spaces which have a well-behaved notion of Lebesgue integral.
One would imagine that if V is a reasonable linear space and c : R → V is a
bounded measurable function, then for any finite measure µ, there is a well-defined
integral ∫
c(x) dµ(x) ∈ V.
Unless V is a separable Banach space, there does not seem to be a reasonable
abstract condition on c which ensures that the integral exists. For example, it is
not enough, in general, for c to be weakly measurable.
Intuitively, the space of measures on a Borel space X is the free Banach space
generated byX . However, there are too many linear maps in the category of Banach
spaces for this to be true. For example, let M(R) be the space of Radon measures
on R. This is a Banach space with respect to the total variation norm. Let
δ : R→M(R)
be the Dirac function, sending x ∈ R to the Dirac mass at x. We will see that δ is
not weakly measurable with respect to the total variation norm. This is connected
to the failure of L∞(R,R) to be the dual ofM(R). In symbols, there is a mismatch
Ban(M(R),R) 6= L∞(R,R)
between the space of bounded linear functionals onM(R) and the space of bounded
linear maps R→ R. This can be contrasted with the coincidence
Ban(Mc(R),R) = ℓ
∞(R,R),
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whereMc(R) is the space of countably-supported finite measures on R and ℓ
∞(R,R)
is the space of not-necessarily-measurable bounded maps from R to R. These non-
measurable functions are a source for some of the bad linear functionals on M(R).
This situation may be rectified by considering instead the locally convex space
Mw(R) which coincides as a vector space with M(R) and has the topological dual
Lcvx(Mw(R),R) = L
∞(R,R).
However, it is readily apparent that the bounded sets in Mw(R) are the same as
the bounded sets in M(R), so we are now in the pathological situation where the
bounded functionals and the continuous functionals do not coincide.
Our idea is to avoid all of these topological and measure-theoretic complications
by taking the collection of bounded measurable curves c : R → V as part of the
intrinsic data of a linear space V . More generally, we will have a related notion
of a nonlinear space equipped with curves which we imagine to be bounded and
measurable. A bounded measurable map between spaces X and Y will then be
a map f : X → Y which preserves boundedness and measurability of curves, but
not necessarily any other structure. Our categories Lin and Space of linear and
nonlinear spaces are designed with the express purpose of having (by definition) an
isomorphism
Lin(M(R), V ) ∼= Space(R, V )
for any linear space V . This allows us to conceptualize the space of Radon measures
as the “free linear space” generated by the points of R. Moreover, we will be able
to replace R by any nonlinear space X and obtain a free linear space X such that
Lin(M(X), V ) ∼= Space(X,V ).
We will not use any topological or analytic miracles besides for the existence and
good properties of Lebesgue measure on the real line. That is, we will take the
theory of “Lebesgue integration” as a wholesale replacement for the theory of vector
spaces.
9.3. Lextensive categories. Let C be any category with finite limits and κ-ary
disjoint sums which are stable under pullback. Then there is an κ-extensive topol-
ogy Φκ on C generated by the κ-ary sums
∑
i∈λ Ii, with Ii ∈ C and λ < κ.
If τ : C → T is a Lawvere theory, then a model of T I is precisely a functor
M : (T I)op → Set preserving κ-ary products.
In our main application, we take C to be the category of standard Borel spaces
(see [23,29]) For example, let Borel be the category of standard Borel spaces, whose
objects are
Borel = {0, 1, 2, . . . ,N,R},
each considered as a measurable space with the σ-algebra of Borel sets. The maps
are the Borel-measurable functions. This category has countable limits and count-
able sums which are disjoint and stable under pullback, so it is a countable lextensive
category.
If we considerBorel to be a finitary extensive site, then sheaves onBorel include
interesting spaces like Rb, where
R
X
b = L
∞(X,R)
is the set of bounded measurable functions fromX to R. It is clear that the presheaf
Rb preserves finite products but not countable products.
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9.4. Integral kernels. Let Y be a standard Borel space, and let M(Y ) be the
space of signed Radon measures on Y . Recall that a function k : X → M(Y ) is
a measurable kernel if, for each Borel set E, the map x 7→ k(x,E) is Borel. By
standard results on measurable kernels (see, e.g. [11, Chapter 1, Lemma 1.7]), the
composition of kernels is as well-behaved as one might expect. We can thus define
a fibered category FreeLin of free linear spaces, whose objects are measurable
bundles of free linear spaces generated by the standard Borel spaces.
We first define the fibers of FreeLin. If fi : Xi → I are Borel spaces over I,
then a bundle map
k : X1 →MX2
is a measurable kernel k : X1 →MX2, such that supx1‖k(x1)‖ <∞ and
k(x1, x2) = 1X1×IX2(x1, x2)k(x1, x2).
That is, the kernel k is supported on the Borel set
X1 ×I X2 = {(x1, x2) ∈ X1 ×X2 : f1(x1) = f2(x2)}.
We can compose kernels k : X1 →MX2 and k
′ : X2 →MX3 by the rule
(k′ ◦ k)(x1, x3) =
∫
X2
k(x1, x2) k
′(x2, x3) dx2,
and the identity for this composition is the Dirac kernel δ : X →MX sending x to
δx.
It is easy to see that if k′ and k are bundle maps, then the composition k′ ◦ k is
a bundle map as well. We define FreeLinI to be the category whose objects are
Borel spaces over I and whose arrows are bundle maps.
More generally, if fi : Xi → Ii are bundles of Borel spaces, and ϕ : I1 → I2 is
any Borel map, then say that k : X1 → MX2 is a bundle map over ϕ if it is a
bundle map with respect to the maps to I2. We will notate this situation by
X1 MX2
I1 I2.
k
ϕ
Thus we obtain a split opfibration over Borel. For each ϕ : I → J and f : X → I
we have a canonical opcartesian arrow δ : X →MX over ϕ.
9.5. Pushforward of measures. If h : X → Y is a Borel map, then family of
Dirac masses
M(h)(x, y) = δ(h(x), y)
is a measurable kernel M(h) : X →M(Y ). Thus M defines a functor
M : Borel→ FreeLin1,
Suppose now that
X Y
I J
h
f g
ϕ
is a commutative diagram of Borel maps. One can check thatM(h) : X →M(Y ) is
a bundle map over ϕ. ThusM extends to aBorel-functor τ : Arr(Borel)→ FreeLin.
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The functor τ preserves opcartesian arrows simply because the functorM preserves
identities.
We claim that τ preserves cartesian arrows as well. Suppose given a cartesian
diagram
X ×I J X
J I
pJ
pX
g
ϕ
of Borel spaces, and let
Z MX
J I
k
ϕ
be any bundle map over ϕ for some Borel map f : Z → J . We need to check that
k factors uniquely through the bundle map
X ×I J MX
J I.
MpX
ϕ
Suppose that k˜ : Z → M(X ×I J) is a bundle map. Then, for each z ∈ Z, the
measure k˜(z) is supported on the set {(x, j) ∈ X ×I J : g(z) = j}, and must be of
the form
k˜(z, x) = a(z, x)⊗ δ(g(z), j),
where a(z, x) is a kernel determined by
a(z, x) =
∫
J
k˜(z, x, j) dj =MpX ◦ k˜(z, x).
This shows that k˜ is uniquely determined by the factorization k =MpX ◦ k˜. Now,
given k : Z →MX , define the kernel k˜ : Z →M(X ×I J) by
k˜(z, x, j) = k(z, x)⊗I δ(f(z), j),
where for measures µ ∈M(X) and ν ∈M(J), the notation
dµ(x) ⊗I dν(y) = d(µ× ν)(x, y)|X×IJ
indicates the restriction to X ×I J of the product measure. Then we can compute
(MpX ◦ k˜)(z, x) =
∫
X×IJ
k(z, x′)⊗ δ(f(z), j′) δ(x′, x) dx′ dj′
=
∫
X×J
1ϕ(j′)=g(x′)1j′=f(z)k(z, x
′)⊗ δ(f(z), j′)δ(x′, x) dx′ dj′
=
∫
X×J
k(z, x′)⊗ δ(f(z), j′)δ(x′, x) dx′ dj′
because k is a bundle map and satisfies the identity
1ϕ(j′)=g(x′)1j′=f(z)k(z, x
′) = 1ϕ(f(z))=g(x′)k(z, x
′) = k(z, x′).
But the last integral is just k(z, x), so k factors as k =MpX ◦ k˜, as desired.
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We have shown that τ preserves precartesian arrows. Because τ is identity on
objects, it follows that there are enough precartesian arrows that FreeLin is a
fibered Borel-category. Moreover, the functor τ is bicartesian.
9.6. Tensor product of measures. We have shown that the identity-on-objects
functor τ : Arr(Borel) → FreeLin is bicartesian. For each g : Y → I, one checks
that the functor sending a space f : X → I in Borel/I to the collection of bundle
maps k : X → MY is a sheaf (for the finitary extensive topology) and thus τ is a
Lawvere theory.
The theory τ is moreover commutative in the sense that the underlying functor
τ : Arr(Borel) →
∫
FreeLin is strict monoidal. That is, for spaces fi : Xi → Ii
and gi : Yi → Ji and bundle maps ki : Xi → MYi over maps ϕi : Ii → Ji, we can
extend (any given) cartesian tensor product on the arrow category Arr(Borel) to
a tensor product
X1 ×X2 M(Y1 × Y2)
I1 × I2 J1 × J2
k1⊗k2
ϕ1×ϕ2
on the total category of FreeLin. The monoidal structure is defined in terms of
product measures. For each (x1, x2) ∈ X1 ×X2, we let
k1 ⊗ k2(x1, x2, y1, y2) = k1(x1, y1)⊗ k2(x2, y2),
which defines a measure on Y1 × Y2 in the usual way. The kernel thus defined is a
bundle map over ϕ1 × ϕ2. If ki(xi, yi) = δ(hi(xi), yi) for Borel maps hi : Xi → Yi
over the ϕi, then
k1 ⊗ k2(x1, x2, y1, y2) = δ(h1(x1), y1)⊗ δ(h2(x2), y2)
= δ((h1 × h2)(x1, x2), (y1, y2)).
This shows that the functor τ is strict monoidal, so the corresponding Lawvere
theory is commutative by our definition.
9.7. Concrete spaces. A sheaf F over the extensive site ℵ0 is determined up to
isomorphism by its underlying set, because we have isomorphisms F (n) ∼= F (1)n,
natural in n, and the naturality condition then determines F (f) for any f in
ℵ0(n,m).
For a sheaf over Borel, on the other hand, we have a canonical map
F (X)→ F (1)|X|,
where |X | is the set of points p : 1 → X . However, this map will almost never be
an isomorphism. On the other hand, it may happen that it is at least injective for
each X , and in this case we can view the sheaf F as a set F (1) together with a
choice, for each |X |, of a set of admissible curves c : |X | → F (1). A map of spaces
f : F → G is then a map f1 : F (1)→ G(1) between the underlying sets which that
sends admissible curves in F to admissible curves in G. We will call such a space
a concrete space.
Similarly, given a Lawvere theory τ : Arr(Borel) → FreeLin, we will say that
a model M of τ is concrete when the underlying sheaf Mτ is concrete.
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10. Some linear spaces
In what follows we define
Space = Sh(Borel)
to be the topos of sheaves on the finitary extensive Borel site, and
Lin =Mod(FreeLin)
to be the category of models for the theory of linear spaces defined above.
10.1. Separable Banach spaces. In a separable Banach space V , there is a
well-behaved notion of measurability. If X is a standard Borel space, a function
f : X → V is said to be measurable precisely when l ◦ f : X → R is measurable for
every bounded linear functional l : V → R. If in addition f is bounded in norm,
the Bochner integral ∫
f(x) dµ(x)
exists for any finite measure µ and is determined by the requirement that
l
Å∫
f(x) dµ(x)
ã
=
∫
l(f(x)) dµ(x)
for every l in the Banach space dual V ′ of V . Let ‹V (X) denote the set of measurable
bounded functions from X to V . If k : Y → MX is a kernel, then we define an
action ‹V (k) : ‹V (X)→ Set(Y, V ) by the Bochner integral
‹V (k)[f ](y) = ∫ f(x) k(y, x) dx.
The function ‹V (k)[f ] is a measurable function of Y because for l ∈ V ′ we have
l(‹V (k)[f ](y)) = ∫ l(f(x)) k(y, x) dx,
and this is a composition of measurable kernels because x 7→ l(f(x)) is measurable.
The function ‹V (k)f is also bounded by the triangle inequality for the Bochner
integral. Thus we have a map
‹V (k) : ‹V (X)→ ‹V (Y ),
and it is easy to check that the assignment X 7→ ‹V (X) defines a product-preserving
functor from the category FreeLinop1 to Set.
Now suppose that T : V →W is an bounded linear map between two separable
Banach spaces. Then composition with T clearly preserves the measurable curves,
and we define
T˜ : ‹V → W˜
to be composition with T . This T˜ is a natural transformation, because Bochner
integration commutes with bounded linear maps. Thus we obtain a functor
B : SepBan→ Lin
on the category SepBan of separable Banach spaces, sending each space V to the
linear space ‹V defined above.
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Proposition 10.1. The functor
(˜−) : SepBan→ Lin
sending a separable Banach space V to the linear space
‹V (X) = {c : X → V | c is measurable and sup
x
‖c(x)‖ <∞}
is full and faithful.
Proof. Faithfulness is obvious, so it remains to show that the functor is full. Suppose
that T˜ : ‹V → W˜ is a linear space map. Since ‹V and W˜ are concrete, the map T˜ is
determined by its action on the underlying sets. Since T˜ commutes with integration,
it preserves finite linear combinations, which means it is linear. Moreover, it is
bounded, because the image of any bounded sequence of points must be a bounded
sequence of points.  
10.2. Spaces of measures. The Yoneda embedding gives some trivial examples
of linear spaces, namely the spaces MY of Radon measures on Y , where Y is a
Borel space. We have by definition that
Lin(MY,R) ∼= Borel(Y, UR),
where R is the linear space corresponding to the separable Banach space R and UR
is its underlying space. The right hand side is the set of bounded measurable maps
from Y to R.
On the other hand, letMBanY be the Banach space of Radon measures with the
total variation norm. The space of arbitrary Banach space maps l : MBanY → R
contains many unpleasant characters. For example, let g : Y → R be an arbitrary
bounded function, not necessarily measurable, and let R(Y ) ⊂MBanY be the linear
subspace consisting of finitely-supported measures on Y . For any measure µ in R(Y ),
the integration
(∫ g) (µ) :=
∫
g(y)dµ(y)
is perfectly well-defined, because µ is finitely supported. Moreover, it is clear that
∫ g : R(Y ) → R is a bounded linear fuctional, because g is bounded. By the Hahn-
Banach theorem, it extends to a bounded linear functional ∫˜ g : MBanY → R.
Unless g is chosen to be measurable, the function ∫˜ g does not correspond to a
morphism in Lin(MY,R). In fact, composing with ∫˜ g destroys the measurability
of curves. We have Ä
∫˜ g
ä
◦ δ(y) = g(y)
by construction, and g : Y → R is not measurable. Essentially, we need to choose
the weak topology on MY instead of the strong topology, by defining the dual of
MY to be Borel(Y, UR). However, the resulting locally convex space will not be
bornological, and in particular we have left the setting of “convenient” spaces.
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